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the structure to meet the example criteria. It has been
demonstrated that existing methodology is sufficient to
permit damage tolerance criteria to be formally consid-
ered in the design of primary aircraft structure. The re-
sults of the application study indicate that by proper
choice of material and design concept, aircraft structure
can be designed to meet damage tolerance criteria with
little or no weight penalty.
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Gradient Optimization of Structural Weight
for Specified Flutter Speed

E. E. Simodynes*
General Dynamics, Fort Worth, Texas

A method for optimizing structures to satisfy flutter requirements is presented. The specific algo-
rithm employs a gradient of total weight with respect to variable structural parameters as the spec-
ified flutter speed remains constant. Equations are derived for direct calculation of the gradient. In
applications thus far, the method has been efficient in reducing structural weight while retaining
flutter speed without frequent recalculation of normal modes of vibration. An all-movable horizon-
tal tail application is cited in which the skin alone and then the entire structure is resized. Applica-
tions using 2 and 6 modes of vibration are also compared.

Introduction

A USABLE flutter optimization method requires a formu-
lation that integrates the contributing analysis dis-
ciplines so that the redesign objectives may be attained
efficiently and accurately. To accomplish these aims the
structural model, the coordinate system, the dynamic rep-
resentation, the design variables, and the optimization
method must be compatible.

The appearance of publications concerned with dynam-
ic optimization of structures indicates an increasing inter-
est in this topic. Turner! approached the flutter problem
with a method that proportioned structural members so
that a specified vibration frequency assumed a given
value. The structure attained its required eigenvalues
with minimum mass. Other researchers?-6 have investi-
gated various optimization problems concerned with natu-
ral frequencies of structures.

Turner? developed a more realistic flutter optimization
technique by incorporating aerodynamic forces and the
flutter equations into the formulation. Lagrange extremi-
zation was used for seeking the configuration of minimum
mass. Other researchers®-® developed computerized pre-
liminary design programs for considering flutter and also
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other requirements such as strength and performance. Ru-
disill and Bhatial® developed search procedures using gra-
dient methods. The method was applied to the design of a
box beam for a rectangular lifting surface. ]

In general, resizing a structural component alters the
flutter speed and also changes structural “optimality’ or
efficiency in utilizing structural weight for preventing
flutter. The optimization method presented here calcu-
lates the gradient of total weight with respect to the vari-
able structural components as the flutter speed remains
fixed. It is anticipated that this weight gradient algorithm
will be especially convenient when used iteratatively with
a method for increasing flutter speed such as the velocity
gradient of Ref. 10.

Derivation

With normal mode deflections used as generalized coor-
dinates, the associated unsteady aerodynamic forces [Q]
may be calculated with an appropriate aerodynamic theo-
ry. The flutter characteristics of the structure are then
specified by the following neutral stability equation.

(K]~ w*[M] - *[@N g} = {0} 1)

Matrix [K] is the generalized stiffness, [M] is the general-
ized inertia, w is the flutter frequency, and {q} is the com-
plex generalized coordinate vector.

The generalized stiffness and inertia terms are ex-
pressed in linear form as

K] = [K°] + im,- [K7] @)

i=1
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n
[M] = [M°] +Eimj (M7] ‘ 3
is

Matrices [K° and [M° represent all the structure which
is fixed in size. Each mj, although normally used with
units of weight, is called a variable mass which may be
resized to satisfy flutter requirements. An m; represents a
portion of structure which contributes both stiffness and
inertia with respect to the flutter mechanism. It may be
idealized by one or, as in the examples to be presented
here, a number of finite elements and lumped weights
The [K/] and [M/] represent generahzed stiffness and in-
ertia per unit weight for variable mass j.

Equations (2) and (3) may be substituted into Eq. (1)
to obtain

(150 - (3] + S () = 2D — w2(Q] )} = 0}
' )

The flutter stability equation is a complex eigenvalue
relation whose real and imaginary components can be sep-
arated as two real conditions and used to evaluate eigen-
values of two real variables. The usual V-g flutter analysis
method obtains and plots eigenvalues of structural damp-
ing and flutter velocity. The Rudisill and Bhatia ap-
proach!? considers damping as zero, the n variable masses
as independent variables, and the flutter frequency and
velocity as the two dependent variables for which gradi-
ents are calculated.

The choice of quantities to select as invariant may be
made to conform to optimization objectives and to what is
computationally an advantage. The approach herein con-
siders flutter frequency, flutter velocity, and zero damping
as specified. Generalized stiffness, inertia, and aerody-
namic forces are expressed in terms of mode coordinates
which are retained unchanged during individual optimiza-
tion cycles. Two of the n variable masses are considered
dependent functions of the remaining n-2 masses. The
neutral stability equations are used to evaluate partial de-
rivatives of the 2 dependent masses with respect to the in-
dependent masses. The gradient of total structural weight
is then formed. The structure may then be modified in
the manner indicated by the gradient to predict lower
weight configurations with the same flutter speed.

The coefficients of m; and other terms may be com-
bined appropriately in Eq (4) to form matrices [A] and
[B/]

[A] = [K°] - o’ [M°] - w?[Q] 5)

[B7] = [K7] — w?[M7] (6)
Equation (4) then simplifies to

(141 + Som, 18)) o} = fo} m

With any two of the variable masses arbitrarily designated
as the dependent masses m, and m,, Eq. (7) becomes

([A] S5, (8] + m, (8] + m

i=t

51) b=0} ©®

Derivatives of Eq. (8) with respect to each of the m;’s
will be found. Since modes and reduced frequency are not
changing, the [A] and [B/] quantities are constant with
respect to the partial differentiation. Differentiation yields

N (81 + (341 e BZ: ) dat +

om;
(141 +Zm, (8) 62

F=90
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With the flutter eigenvalue a row eigenvector exists such
that

by ([A +Zm BJ) oy (10)

Premultiplying Eq. (9) by {p}7, using Eq. (10), and con-
densing terms yields

b} (8] {q} + 1} 1B

om,

" (B =0 (11)
Equation (11) is a complex relation with all terms
known except partial derivatives dmy/dm; and dmy/om;.
Real and imaginary components may be separated and
the 2 resulting simultaneous equations solved for dm,/dm;
and dm, /dm;. The resulting derivatives are found to equal

9y, _ CoCy — €4C5 (12)
dm; ¢y — oGy

8m, _ €3C5 — C1C (13)
Bmy;  €1Cq — CoCy
With i = (=1)%, {piT = {p’I” + i{p”’{T, and {q} = {g'} +
i{q’’}, terms c1 — cg are evaluated as
cr="{p 1 B g} ()| (8] {0}
o =1{p'} [B1{q"}- tpry BV gt (5)
= {p'} (B {q"}+ B} as
o = {p'} (B {q"}+ b} B '} an
s = {p'} [B1{q"}- (E200 S U IR U0 S )
= 1{p"} B {q+ {p”} (B {¢} (9

Denoting the weight of the fixed structure as WY, the
total weight W of the structure equals

ne?2
W= W+ 2m,; +m, +m, (20)
i=1
Differentiating Eq. (20) yields the partial derivative of
total structural weight
(@W/om,) =1 + (@m,/om;) + (dm,/om;) (21)

A partial derivative is calculated for each independent
variable mass to obtain the gradient of total weight with
specified flutter speed

oW aw aw
VWi = 22
{ W} {8-1%1’ amz’ e, amn_2} ( )

The structure may then be resized to obtain a AW total
weight reduction by using the well known gradient projec-
tion
{ml,m2,..., My 2fmew = {ml, My My _2fo1a —

3 eeey

www @

New eigenvalues for m, and m, corresponding to {Mm}new
are calculated to satisfy the neutral stability equation.

Application

The main intent of this paper is to present the weight
gradient. The over-all approach to the optimization of dy-
namic structures is the same as that discussed in many of
the cited references and will be reviewed only briefly. The
optimization proceeds in cycles. The structure is initially
represented by its mode properties. To obtain these, the
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structural stiffness matrix representing the fixed structure
and the combined variable mass sizes is formed. Matrix
operations ‘“fix” and “eliminate” coordinates yielding a
reduced stiffness matrix of selected coordinates which are
usually deflections normal to the midplane of the aerody-
namic surface. This matrix is inverted. With lumped
weights appropriately representing the fixed and variable
mass sizes, eigenvalue extraction obtains the frequency
and shape of a suitable number of normal modes.

Using the mode deflections of the structural coordi-
nates, an interpolation procedure then calculates corre-
sponding deflections at selected locations which define the
aerodynamic surface. Another procedure then calculates
the unsteady aerodynamic forces associated with the nor-
mal modes for a number of reduced frequencies. The
usual V-g method provides a flutter analysis. Numerical
interpolation obtains the unsteady aerodynamic force ma-
trix for the root of lowest flutter speed.

The [K°- [M®. [K/], [M/], w, and [Q] obtained from the
cited procedures are functions of mode frequencies and
shapes and remain constant until recalculated again for
another cycle of optimization. For economy in nomencla-
ture, the term “mode properties” will be used hereafter to
refer to these quantities.

Based on the current mode properties, the gradient of
structural weight is cadlculated by the equations of the
previous section. The gradient obtained is the projection
of the unrestricted weight gradient on the hyperplane tan-
gent to the surface of constant flutter speed. It indicates
the direction in which variable masses may be resized to
obtain a structure of lower total weight with the same
flutter speed. Equation (23) gives the optimal step to ob-
tain a AW weight reduction. As the process of calculating
gradients and taking steps is repeated, ideally a local ex-
tremum is obtained where the gradient equals zero. It has
been found, however, that for all but the most simple
structural idealizations, some of the variables rapidly ap-
proach values which are physically unrealistic. The objec-
tive is then an extremum constrained with respect to
some variable masses. Some gradient components are zero
and the variable mass values for the rest have progressed
to unpermissible size limits, usually that of a strength de-
sign.

When a configuration that is extremal or otherwise ade-
quate by a different rationale is obtained, new mode
properties are calculated and another optimization cycle
is begun. A local optimum may not always be the best
choice for calculating the new set of mode properties if it
represents a large deviation from the original configura-

o 200 400 o0 200 400 600

Weight of Variable Elements, 1b,
b) All Structure Resized

tion. Too drastic a variation may cause the flutter mecha-
nism to change. In terms of a V-g plot, a different root
may become dominant and cause a lower flutter speed
than the original root.

For initiating the next optimization cycle in such cases,
it is better to select a configuration of modest weight re-
duction that was previously obtained along the path to
the extremum. The selection may be based on what is
reasonable for the particular structure. A weight reduction
of 15% from the initial configuration might often be ap-
propriate. In short, modes should be recalculated often
enough to adequately represent the changing structure.
This process continues until the final optimum is found.
Termination occurs when a configuration is obtained that
is relatively unchanged from the one of the previous cycle.

Among the future additions planned for the weight gra-
dient computer program are modifications concerning effi-
cient step size, projections away from mass limit bounda-
ries, and approximation techniques to estimate changes in
mode properties between the times that the more expen-
sive eigenvalue extractions are performed. At present,
however, AW is an input quantity. Weight reduction con-
tinues until an extremum or a desired weight reduction,
also input and usually the mentioned 15%, is obtained. As
the size of a variable mass decreases and eventually
reaches the strength design, it is temporarily eliminated
as a design variable. Partial derivatives continue to be
calculated for it. If calculations later indicate that it
should move back into the acceptable design space, it is
reinstated as a design variable.

Results

The weight gradient that has been introduced herein
has as its objective a lower weight structure with the same
flutter speed. Its effectiveness in reducing weight within
one optimization cycle and the induced changes in flutter
speed, flutter frequency, and modes are the appropriate
features to demonstrate. Thus, all the results to be illus-
trated here are obtained using the initial set of normal
modes. Additional stages of optimization would each be
performed with updated modes. Results will be cited for a
large all-movable horizontal tail. To illustrate the weight
gradient and the nature of a typical application, a number
of variations in idealization will be considered.

Figure 1 illustrates four applications of the weight gra-
dient procedure. No constraints are placed on the sizes of
any variable masses. The finite elements were grouped as
indicated to form 3 variable masses. Aerodynamic forces
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were calculated by a subsonic kernal function procedure.

In Fig. la only the finite elements of the composite
skins were allowed to resize. In Fig. 1b the elements of the
skin and all the internal structure were resized. Optimiza-
tion was performed using 2 modes of vibration and also 6
modes of vibration. The 2-mode configurations are indi-
cated by solid lines and the 6-mode configurations are in-
dicated by dashed lines.

The vertical axis represents the total weight of the
structure. The mass distributions of the initial configura-
tions are located at the tops of the plots. The variable
masses associated with the curves are identified by the
numerals at the initial configurations. The total weight of
the structure was reduced in 50 lb increments by the gra-
dient procedure. The consecutive lower weight configura-
tions are represented by the downward progression of ar-
rowheads. The horizontal axis represents the weights of
the individual masses. A mass that is becoming larger
moves to the right. Every configuration satisfies the neu-
tral stability equation and could be used for the next cycle
of optimization.

The 2-mode cases bottom out and stop. These terminal
points are extrema with zero gradients. The classical Lag-
range optimization method of Turner,” when applied to
this structure for comparison, also obtained these same
extrema. Optimums of this type, although interesting,
will be usable in only a small percentage of applications.
It has been found that they generally represent large un-
realistic deviations from the original structures. As dis-
cussed in the previous section, an earlier configuration
along the path is a better choice for the next cycle. The
6-mode curves have shapes analogous to the 2-mode
curves but with much lower extrema.

It is noted that the idealization with all the structure
being resized produced a lower weight optimum than the
one obtained by skin resizing. This result agrees with in-
tuition since more structure was being modified to satisfy
flutter requirements. The 6-mode curves are parallel to
the 2-mode curves initially and then deviate from them.
This also agrees with intuition since one would expect
that eventually a different combination of masses would
be required to satisfy the 6-mode flutter equations.

Figure 2 illustrates applications with constraints on the
sizes of 6 variable masses. In Fig. 2a masses are kept
greater than limit sizes of zero. In Fig. 2b variable masses
are kept between upper and lower bounds. Masses 6, 4,
and 3 reached limit values in that order. These masses

would have been free to move from limit values back into
the acceptable design region if required to by the continu-
ing optimization.

The change in mode shapes and frequencies caused by
resizing the structure is of interest. Properties will be
compared for the original structure and two resized struc-
tures. Table 1 illustrates mode characteristics of 1) the
original horizontal tail, 2) a configuration obtained from a
2-mode, 3 variable mass, skin optimization, and 3) a con-
figuration obtained from a 6-mode, 3 variable mass, entire
structure optimization. Configurations of 15% weight re-
duction for both optimized structures are compared. The
characteristics of the resized structures are cbtained from
complete finite element, mode, aerodynamic, and flutter
analyses.

The flutter speed of a structure generally increases as
the frequencies of the vibration modes increase. The 2
mode optimization utilizes the first bending and first tor-
sion modes. The objective of trial and error flutter modifi-
cation is usually to raise and separate the frequencies of
these modes. Table 1 shows that the 2 mode optimization
does exactly this. The first two frequencies are increased
and the remaining 4 frequencies drop sharply. This would
apparently indicate that the structure was being modified
selectively to increase the mode frequencies used in the
optimization at the expense of the other modes which
were not represented. The flutter speed decreases 4.5
knots with a 2 mode flutter analysis and 16 knots with a 6
mode flutter analysis. ,

The 6-mode optimization similarly modifies the
frequencies in a manner that is appropriate to the modes
used in its calculations. The magnitudes of the general-
ized coordinates {q} for the flutter condition of the original
structure are illustrated in Table 1. These values indicate
the contributions of the respective modes to the steady
state flutter oscillations. The largest values indicate the
modes which are most significant at the flutter condition.

An effective structural modification would increase the

frequencies of the most significant modes.

For the 6-mode optimization it is observed that the
bending and torsion frequencies are again increased as in
the 2-mode optimization. The 6th mode has the 3rd larg-
est generalized coordinate value and its frequency is in-
creased slightly whereas it decreased considerably for the
2-mode optimization. Frequencies 3-5, which have the
smallest generalized coordinate values are decreased but
not nearly as much as in the 2-mode case where these
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Table 1 Properties of optimized horizontal tail
Flutter
Flutter speed  Flutter speed Flutter frequency

I{q}] Frequencies 2 mode 6 mode frequency 6 mode

Idealization Modes 1-6 Modes 1-6 analysis analysis 2 mode analysis analysis

Original structure 17.2 52.74 676.5 667.8 71.57 71.39
(actual values cited) 16.4 96.37
units: freq rad/sec 0.57 237.84
speed kts 0.27 298 .87
0.23 390.72
1.00 530.97

Optimized structure +0.65 —4.5 —16. —3.15 —3.20
2 mode, 3 mass, +2.60
skin optimization —19.58
159, weight reduction —26.30
(net changes cited) —68.88
—14.91

Optimized structure +0.96 +1.5 —4.5 —0.75 —-0.75
6 mode, 3 mass, all +2.94
component optimization —-7.25
159, weight reduction —7.47
(net changes cited) —27.14
+0.12

modes were not present. The 2-mode optimization evi-
dently resizes the structure to the advantage of a 2-mode
flutter mechanism while 6-mode optimization resizes the
structure for a 6-mode flutter mechanism. The flutter
speed decreased 4.5 knots.

Of the idealizations considered, a 6-mode optimization
with 6-mode flutter analysis was the most realistic mathe-
matical representation of the actual horizontal tail. A 15%
weight reduction was obtained with a decrease in flutter
speed of less than 1%. The composite horizontal tail was
represented by 76 finite elements with 260 node coordi-
nates. Included among these are 29 anisotropic panel ele-
ments. Six normal modes were calculated. Flutter analy-
sis with subsonic kernal function aerodynamics was per-
formed using 20 reduced frequencies. The flutter analysis
was repeated with very closely spaced reduced frequencies
in order to determine accurately the flutter characteristics
cited here. Neglecting setup time, each calculation of
these mode dependent quantities typically requires about
10 minutes of CPU time on an IBM 370, Model 155 com-
puter. A 6 mass, 6-mode problem with upper and lower
constraints on masses typically requires about 5 seconds
of CPU time for all the gradient calculations associated
with one set of modes.

Conclusion

Equations have been presented for direct calculation of
the gradient of total structural weight with respect to
variable structural parameters as the flutter speed re-
mains constant. In applications thus far, the method has
been efficient in reducing weight while retaining flutter
speed without frequent recalculation of normal modes of

vibration. It is anticipated that this weight gradient algo-
rithm will be especially convenient when used iteratively
with a gradient method for increasing flutter speed.
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